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Abstract
LetM be a complete minimal hypersurface in hyperbolic spaceHn+1(–1) with
constant sectional curvature –1. We prove that ifM has a ﬁnite index and ﬁnite L2
norm of the second fundamental form, then the fundamental tone λ1(M) is bounded
above by n2.
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1 Introduction
McKean [] proved that the fundamental tone of an n-dimensional complete simply con-
nected Riemannian manifold M with sectional curvature bounded above by –κ <  is
bigger than or equal to (n–)κ , where κ is a real number. Moreover, his result is sharp
since the equality is attained by the hyperbolic spaceHn(–κ) with constant sectional cur-





:  = f ∈W , (M)
}
.
Interestingly, Cheung and Leung [] obtained the same lower bound for the fundamental
tone of complete submanifold in Hm(–κ) with bounded mean curvature as follows (see
also [, ]).
Theorem [] Let M be an n-dimensional complete noncompact submanifold in Hm(–κ)
with the mean curvature vector H . If |H| ≤ α < n – , then
λ(M)≥ (n –  – α)
κ
 .
There have been extensive investigations to obtain an upper bound for the fundamental
tone of complete minimal submanifolds in hyperbolic space. Castillon [] proved that the
spectrum of the Laplacian on a complete minimal hypersurface with ﬁnite Ln norm of the
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second fundamental form inHn+, denoted by Spec(), is given by Spec() = [ (n–) , +∞).
Candel [] was able to prove that the fundamental tone of complete simply connected sta-
bleminimal surfaces inH(–) is atmost  . In [], the author proved that ifM is a complete
stable minimal hypersurface in Hn+(–) with ﬁnite L norm of the second fundamental
form, then (n–) ≤ λ(M)≤ n. Later, Bérard et al. [] improved the upper bound for com-
plete stable minimal surfaces inH(–). Indeed, they proved that the fundamental tone of
complete stable minimal surfaces in H(–) is at most  . Fu and Tao [] showed that ifM
is an n-dimensional complete submanifold in Hm(–) with parallel mean curvature vec-
tor H and with ﬁnite Lp norm of the traceless second fundamental form for p ≥ n, then
λ(M) is less than or equal to (n–)
(–|H|)
 . Recently, Gimeno [] proved that if M is a
complete minimal surface inHm(–) with ﬁnite L norm of the second fundamental form,
then λ(M) =  .
The aim of this paper is to obtain an upper bound for the fundamental tone of complete
minimal hypersurfaces inHn+(–) with ﬁnite index and ﬁnite L norm of the second fun-
damental form. More precisely, we prove the following.
Theorem . Let M be a complete orientable minimal hypersurface in Hn+(–) with∫
M |A| <∞. Suppose M has ﬁnite index. Then we have
(n – )
 ≤ λ(M)≤ n
.
It is obvious that a complete stable minimal hypersurface in Hn+(–) has index . Hence
our theorem can be regarded as an extension of the results in [–]. When n = , we re-
mark that the ﬁnite index condition can be omitted, since the ﬁniteness of the L norm
of the second fundamental form implies that M has ﬁnite index, which was proved by
Bérard et al. []. However, in this case, our theorem is weaker than Theorem . in [] or
Theorem A in [].
2 Proof of Theorem 1.1
In this section, we prove our main theorem.
Proof of Theorem . The lower bound of λ(M) is given by (n–)

 , which was done by
Cheung and Leung [] as mentioned in the Introduction. Thus it suﬃces to prove that the
upper bound of λ(M) is n.
SinceM has a ﬁnite index, there exists a compact subset K ⊂M such thatM \K is stable
(see [] for example), i.e., for any compactly supported Lipschitz function f onM \K ,
∫
M\K
|∇f | – (|A| – n)f  dv≥ , ()
where |A| denotes the squared length of the second fundamental form on M and dv de-
notes the volume form for the induced metric on M. Note that, for some geodesic ball
B(R) ⊂ M centered at p ∈ M of radius R containing the compact set K , the region
M \ B(R) is still stable. Thus, without loss of generality, we may assume that K = B(R).
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Choose a geodesic ball B(R) ⊂ M centered at p ∈ M of radius R > R and take a cut-oﬀ





 on B(R + R) \ B(R + R),
 onM \ B(R + R),
and |∇φ| ≤ R on M. By the deﬁnition of the fundamental tone and the domain mono-


























































On the other hand, a Simons-type inequality [, ] for minimal hypersurfaces in Hn+
asserts that
|A||A| + |A| + n|A| = |∇A| – ∣∣∇|A|∣∣.
Applying the Kato inequality [],
|∇A| – ∣∣∇|A|∣∣ ≥ n
∣∣∇|A|∣∣,
we have
|A||A| + |A| + n|A| ≥ n
∣∣∇|A|∣∣.
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where we used the divergence theorem.
























































We now suppose that λ(M) > n. For a suﬃciently large ε > , letting R→ ∞ in () shows
that |∇|A|| ≡  on M \ B(R), which implies that |A| is constant on M \ B(R). Since the
volume of any complete minimal hypersurface in hyperbolic space is inﬁnite and L norm
of |A| is ﬁnite by our assumption, we see that |A| ≡  outside the compact subset B(R).
It follows from the maximum principle for minimal hypersurfaces in Hn+ that M must
be totally geodesic. However, due toMcKean [], the fundamental tone of totally geodesic
hyperplanes in Hn+ is equal to (n–) , which gives a contradiction. Therefore we get the
conclusion. 
Remark . The proof of Theorem . relies on the inequality (), which is called a
Caccioppoli-type inequality. In [], Ilias et al. intensively studied a Caccioppoli-type in-
equality on constant mean curvature hypersurfaces in Riemannian manifolds.
Competing interests
The author declares that he has no competing interests.
Acknowledgements
The author would like to thank the referees for careful reading of the manuscript and many helpful suggestions. This
research was supported in part by the Sookmyung Women’s University Research Grants (1-1403-0097).
Received: 22 January 2016 Accepted: 19 April 2016
Seo Journal of Inequalities and Applications  (2016) 2016:127 Page 5 of 5
References
1. McKean, HP: An upper bound to the spectrum of  on a manifold of negative curvature. J. Diﬀer. Geom. 4, 359-366
(1970)
2. Cheung, LF, Leung, PF: Eigenvalue estimates for submanifolds with bounded mean curvature in the hyperbolic
space. Math. Z. 236, 525-530 (2001)
3. Bessa, GP, Montenegro, JF: Eigenvalue estimates for submanifolds with locally bounded mean curvature. Ann. Glob.
Anal. Geom. 24(3), 279-290 (2003)
4. Seo, K: Isoperimetric inequalities for submanifolds with bounded mean curvature. Monatshefte Math. 166(3-4),
525-542 (2012)
5. Castillon, P: Spectral properties of constant mean curvature submanifolds in hyperbolic space. Ann. Glob. Anal.
Geom. 17(6), 563-580 (1999)
6. Candel, A: Eigenvalue estimates for minimal surfaces in hyperbolic space. Trans. Am. Math. Soc. 359, 3567-3575
(2007)
7. Seo, K: Stable minimal hypersurfaces in the hyperbolic space. J. Korean Math. Soc. 48(2), 253-266 (2011)
8. Bérard, P, Castillon, P, Cavalcante, M: Eigenvalue estimates for hypersurfaces inHm ×R and applications. Pac. J. Math.
253(1), 19-35 (2011)
9. Fu, H, Tao, Y: Eigenvalue estimates for complete submanifolds in the hyperbolic spaces. J. Math. Res. Appl. 33(5),
598-606 (2013)
10. Gimeno, V: On the fundamental tone of minimal submanifolds with controlled extrinsic curvature. Potential Anal.
40(3), 267-278 (2014)
11. Bérard, P, do Carmo, M, Santos, W: The index of constant mean curvature surfaces in hyperbolic 3-space. Math. Z.
224(2), 313-326 (1997)
12. Tysk, J: Finiteness of index and total scalar curvature for minimal hypersurfaces. Proc. Am. Math. Soc. 105(2), 429-435
(1989)
13. Chern, SS, do Carmo, M, Kobayashi, S: Minimal submanifolds of a sphere with second fundamental form of constant
length. In: Functional Analysis and Related Fields (Proc. Conf. for M. Stone, Univ. Chicago, Chicago, Ill., 1968), pp. 59-75.
Springer, New York (1970)
14. Simons, J: Minimal varieties in Riemannian manifolds. Ann. Math. (2) 88, 62-105 (1968)
15. Xin, YL: Bernstein type theorems without graphic condition. Asian J. Math. 9, 31-44 (2005)
16. Ilias, S, Nelli, B, Soret, M: Caccioppoli’s inequalities on constant mean curvature hypersurfaces in Riemannian
manifolds. Ann. Glob. Anal. Geom. 42(4), 443-471 (2012)
